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Abstract

We develop an adjoint-state full waveform inversion procedure to recover the initial wa-
ter elevation of a tsunami event. Traditional finite-fault tsunami source inversion meth-
ods suffer from the uncertainty of fault parameters or crustal rigidity. Moreover, the heavy
computational burden of calculating Greens functions results in limited spatial resolu-
tion and hinders the real-time applicability of the traditional methods to tsunami early
warning. In this work, we apply the adjoint-state full waveform inversion method to the
tsunami source inversion. The benefits of the adjoint inversion are two folds: 1) inde-
pendence of fault parameters, and 2) high computational efficiency, especially for dense
tsunami arrays and high-resolution grids. We valid this approach with synthetic tsunami
sources, and apply it to the 2014 Chile-Iquique tsunami event. Both synthetic and real-
data results show that the adjoint-state method is of high efficiency and high resolution,

outperforming the traditional tsunami source inversions.

1 Introduction

Tsunamis are oceanic gravity waves excited by the displacement of a large volume
of water in the ocean, typically resulting from shallow megathrust earthquakes in sub-
duction zones. Earthquake-generated tsunamis start as long-wavelength waves with rel-
atively small amplitude in the open ocean, and become shorter and larger (> 10 m) when
shoaling near the coastlines, causing severe damage to coastal regions, home of over a
third of the worlds population. Advances in the new tsunami monitoring instrumenta-
tion, including global Deep-ocean Assessment and Reporting of Tsunamis (DART, Sa-
take (2014)) and coastal tide gauges provides an unprecedented volume of tsunami record-
ings. These observations enable numerous efforts to understand tsunami wave propaga-
tion and near-coast behaviors (Adriano et al., 2018; Fujii, Satake, Sakai, Shinohara, &
Kanazawa, 2011; Maeda, Furumura, Sakai, & Shinohara, 2011; Satake, Fujii, Harada, &
Namegaya, 2013), allowing tsunami warning systems and provide new opportunities to
improve tsunami source imaging and probe the underlying physical mechanisms of tsunami-

genic earthquakes.

Elevating the understanding of tsunami sources is crucial for both the tsunami early
warning and the earthquake source studies. In 2011, the failure of accurate wave-height
predictions of the M 9.0 Tohoku-Oki earthquake tsunami event caused large casualties

because the tsunami run-up height was estimated less than 10 m but actually exceed-
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ing 30 m (Fujii et al., 2011). This failure was primarily caused by the underestimation
of earthquake magnitude due to the satuation of magnitude estimation from early ar-
rivals (Hoshiba & Ozaki, 2014). It is therefore important to explore the benefit of direct
tsunami observations without relying on earthquake source models, which is crucial for

constructing a better tsunami warning system.

Imaging the seafloor co-seismic deformation through tsunami source inversion pro-
vides crucial information on earthquake fault slip pattern, especially for shallow and near-
trench slip distributions that are difficult to be well constrained by finite-fault inversions
using teleseismic recordings and on-shore geodetic data. Instead, tsunami wave data are
particularly sensitive to offshore ruptures and provide high spatial resolution for near-
trench deformation (Satake et al., 2013). Recently, tsunami wave data have been directly
adopted in the finite-fault slip models. An, Sepilveda, and Liu (2014) inverted the tsunami
data for the 2014 Chile-Iquique event; Yue et al. (2014) performed joint-inversion of seis-
mic data, geodetic data and tsunami data for the 2011 Tohoku event. Both of these stud-

ies provide better constraints on the finite-fault model.

The two major applications of tsunami source imaging, call for different approaches
to utilize the tsunami data, to solve for the initial water elevation for tsunami warning
and to invert for the fault slip distribution for earthquake source studies, respectively.
Initial water elevation inversion retrieves the tsunami water source directly, while the finite-
fault model inversion requires the knowledge of the fault geometry and crustal rigidity.

For many tsunami events without well-defined fault zone parameters, the finite-fault in-
version is highly ill-posed and suffers from large model uncertainties. In contrast, ini-

tial water elevation inversion does not rely on the assumption of fault parameters and
fault geometries (Hossen, Cummins, Roberts, & Allgeyer, 2015) and can potentially of-
fer a stable and reliable constraint on the fault rupture processes. In addition to earth-
quakes, there are also other source mechanisms that cause seafloor deformations and gen-
erate tsunamis. Seafloor volcano eruptions and seafloor landslides are two common al-
ternative tsunami sources. Seafloor landslides are sometimes triggered by submarine earth-
quakes, acting as secondary tsunami sources and increasing the amplitude of tsunami
waves. Such second sources are suggested to explain the excessively large runup and in-
undation in Sanriku during the Tohoku earthquake (Grilli et al., 2013; MacInnes, Gus-
man, LeVeque, & Tanioka, 2013; Tappin et al., 2014). The initial water elevation inver-

sion is also important for tsunami warning, because it takes into account all the tsunami
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sources, including seafloor landslides that cannot be well represented in the finite-fault
modeling. It can also circumvents the issue of underestimating earthquake magnitude,
and produces more accurate on-shore wave height estimation than seismic-based tsunami

warning methods.

Several numerical methods have been applied to image the initial water source and
associated seafloor deformation. The traditional linear inversion method divides the source
region into small grids, and requires the calculation of the Greens functions between each
pair of sources and receivers. This calculation is rather time-consuming because sepa-
rate forward tsunami-wave simulations must be repeated many times. Time reversal imag-
ing (TRI) is another popular method to image tsunami sources. According to acoustic
theory, if the recorded data are dense and cover all azimuths, the reverse-propagated wave-
fronts focus at the source region at the occurrence time based on reciprocity principle.
TRI has been applied in both exploration seismology (Nakata & Beroza, 2016; Sun, Xue,
Zhu, Fomel, & Nakata, 2016), global seismology (Larmat et al., 2006), and tsunami re-
search (Hossen, Cummins, Roberts, & Allgeyer, 2015). TRI excludes the smoothing reg-
ularization required by the finite-fault inversions and initial water elevation inversions
(An et al., 2014; Fujii et al., 2011; Gusman et al., 2015; Heidarzadeh, Harada, Satake,
Ishibe, & Gusman, 2016; Lay, Yue, Brodsky, & An, 2014; Satake, 2014; Wei, Chamber-
lin, Titov, Tang, & Bernard, 2013; Yagi et al., 2014), and also saves significant compu-
tational cost because the wave propagation simulation only needs to be conducted once.
However, TRI only maps the region of the tsunami source but does not obtain the true
initial water elevation. It also tends to introduce artifacts when the receivers are sparse
or have poor azimuthal coverage. To mitigate the artifacts caused by the sparse data cov-
erage and retrieve the true amplitude information, researchers have developed various
techniques. In Hossen, Cummins, Dettmer, and Baba (2015), the TRI amplitude at a
single source grid was corrected by the Greens functions from the source grid to receivers,
known as GFTRI (Green’s function-based time reverse imaging). Hossen, Gusman, Sa-
take, and Cummins (2018) also derived a new adjoint-sensitivity analysis method, which
removes the highly sensitive stations from the GFTRI imaging, and improves the robust-
ness of the tsunami source inversion. These approaches make the TRI image feasible for
further tsunami numerical modeling and fault slip inversions, although the calculation
of the Greens Function weighting is still time consuming. In our previous work, An and

Meng (2017) derived a much simpler and faster TRI approach with a unique station weight-

©2018 Arderican Geophysical Union. All rights reserved.



114

116

119

20

21

122

23

124

125

126

127

128

129

130

31

132

33

134

135

136

138

140

51

142

143

144

ing method, which accounts for both 2D geometric spreading and azimuthal incomplete-
ness. However, weighted TRI images still suffer from the incorrect amplitude and the
artifacts due to the unevenly distributed stations, which limits the further usage of TRI
images, for example, serving as an input of tsunami simulations. Using similar reciprocity
principle of Green’s function explored in TRI imaging, recently a two-step adaptive tsunami
source inversion method (Mulia, Gusman, Jakir Hossen, & Satake, 2018) reduces the com-

putational cost of high-resolution inversions.

In this project, we introduce a new adjoint-state method for tsunami source imag-
ing. The adjoint method was used in oceanic and atmospheric data assimilation (Moore,
1991). We adopt the idea of adjoint full waveform inversion (FWI) in exploration seis-
mology, and solve for the initial water elevation of tsunami events utilizing the adjoint
wavefield. According to the Born approximation, the adjoint wavefield calculated by back-
propagating the residue between data and model prediction is the gradient of the mis-
fit function (Plessix, 2006). The least-square problem of waveform fitting is solved with
a conjugate gradient method. Extensive synthetic tests conducted in exploration geo-
physics show that the adjoint-state method improves the resolution and balances the spa-
tially unevenly distributed recordings (Feng & Schuster, 2017; Sun et al., 2016; Virieux
& Operto, 2009) by taking advantage of the rich information embedded in the full wave
field. This method is widely used in subsurface structure tomography, and is recently

applied to earthquake source imaging (Somala, Ampuero, & Lapusta, 2018).

To our best knowledge, our work is the first attempt of directly applying the adjoint-
state method for tsunami source inversion. While keeping most of the advantages of the
time-reversal imaging, the adjoint approach also recovers the correct tsunami source am-
plitude. Compared to conventional Greens-function-based inversion (Hossen, Cummins,
Dettmer, & Baba, 2015), the adjoint method reproduces the tsunami initial water ele-
vation typically through only a few iterations, which significantly reduces the compu-

tational cost.

2 Method

The adjoint-state tsunami source inversion method is designed to resolve the ini-
tial water elevation of the tsunami source. The inversion architecture is basically a least-

squares problem (Schuster, 2017; Tarantola, 1986; Tromp, Tape, & Liu, 2005) minimiz-
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15 ing the error between observation and synthetics due to the variation of the tsunami source.
" For the forward modelling of the tsunami wave propagation, we use the linear form of

147 the shallow water equation:

oh ou Ov
8t+H<8:c+8y) =0,

18 % — fv= —g% — bu, (1)
% + fu= —gg—z —bv

149 where h is the tsunami wave height (the length from the free water surface to the

50 mean sea level), which is the main variable of the tsunami waves. b is the bathymetry

51 (the length from the mean sea level to the seafloor), H is the total height of the water

152 volume (the height from the free water surface to the seafloor), f is the Coriolis force
153 term, g is the gravtional acceleration, and u, v are the depth-averaged velocities at x and
154 y direction, respectively. The shallow water equation is valid under the approximation

155 that the tsunami wavelength is far greater than that of the bathymetry. The original form

156 of the shallow water equation is non-linear (Vallis, 2017). For tsunami modelling, it is

157 common to neglect the viscosity of the sea water, which allows us to neglect the non-linear
58 term and obtain the linear form of the shallow water equation (An et al., 2014). Our nu-
150 merical test also show that the linear shallow water equation is able to reproduce tsunami
50 waveforms almost identical to those generated by the non-linear shallow water equation

161 (Figure S1). Equation (1) is also based on the approximation that h << H. Thus un-
152 der the linear shallow water equation approximation, the tsunami propagation is very

103 similar to the acoustic wave propagation. The initial condition of the equation (1) is:

h(xv y,t = O) = m(x,y)
o u(z,y,t =0) =0, (2)

v(z,y,t=0)=0

165 where the m(z,y) is the initial water elevation, which is the vertical water displace-
66 ment excited by the earthquake, volcano eruption, landslide, etc. regarding as the tsunami
167 source. Using the linear shallow water wave equation, the tsunami source can be mapped
68 to synthetic data with a linear propagation operator:

169 d=Lm (3)
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where L is the wave propagation matrix, m is the source model of initial water dis-
placement, d is the synthetic tsunami wave field. In tsunami inversion, we compute the
linear operator L using the shallow water wave equations. Let mg be the starting model
of the initial water elevation. Under the Born approximation, the perturbed wavefield

dd is linearly related to the source perturbation dm:

5d = Lém (4)

We use the least-square waveform misfit functional to measure how well the syn-

thetics fits the observations. The misfit functional is:

1
J = 5 lldops — Lonl3 5)

where dgps is the observed tsunami waveform. Following the adjoint-state method
(Plessix et al., 2006; Tromp et al., 2004), the gradient of the misfit function g at the kth
iteration is:

gk = L*(dobs - Lmk) (6)

where di, = d,ps—Lmy, is the residue between the observed waveform and model
prediction. L* is the adjoint operator of the wave propagation operator L. Because the
equations (1) are acoustic wave equations, the adjoint wavefield of tsunami waves can
be defined similarly to the acoustic adjoint wavefield. Thus the adjoint wavefield L*dy,
can be calculated by back-propagating the time-reversed data residue at each of the sta-
tions to the source region. The gradient of the misfit function gj is the adjoint wavefield
itself (Plessix, 2006; Tarantola, 1986; Tromp et al., 2005). To minimize the misfit func-
tion, a conjugate gradient method is used to iteratively update the model. The model

perturbations at the kth iteration is calculated by:

dmy = Cgyg + Bomy_1 (7)

where C is the pre-conditioning matrix, and S is given by

9:.Cyx
f=—"— 8
95-1Cgk—1 ®

Finally, the model is updated by

MEr1 = My — admy (9)
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Where the step length « is given by

_ (0my)7g
‘= (Lémk)i(L;mk) (10)

The sparse and uneven distribution of the tsunami stations may influence the con-
vergence and cause artifacts in the inversion. For example, for the Chilean subduction
zone, the tsunami observations are dominated by the IOC coastal gauges along the coast,
while DART stations are relatively sparse in the open ocean (Fig. 5). To mitigate the
artifacts caused by unevenly distributed tsunami stations, we introduce a weighting func-
tion inversely proportional to the azimuth interval between stations. The weighted mis-

fit function J’ is given by:

N
1 NG i
J' =5 w3 (1)
i=1

where w(? is the weighting function for the ith station, and d;fge 4 is the predicted
waveform for the ¢th station. In exploration seismology, the adjoint-state method is sen-
sitive to the starting velocity model (Schuster, 2017). Similarly, in tsunami source in-
version, it is sensitive to bathymetry. The starting model is another important factor for
the adjont-state inversion. A well-chosen initial model can speed up the convergence and
is less prone to the local minima. We generate the starting model based on the initial
water source constrained by the time-reversal imaging method (An & Meng, 2017). Al-
though the source amplitude in time-reversal imaging is less reliable than the source lo-
cation, it provides a reasonable initial guess, which is critical for the adjoint-state inver-

sion. The workflow of this method is summarized in Fig. 1.

Figure 1. The workflow of the adjoint-state tsunami source inversion method

3 Synthetic Tests

We conduct two numerical synthetic tests to validate this new method for our ma-
jor concerns: 1) constraining the source mechanisms of tsunamigentic earthquakes with-
out the knowledge of fault geometry and parameters; and 2) improving the tsunami source
inversion resolution to detect possible secondary sources, such as co-seismic landslides.
The first synthetic test demonstrates the effect of the fault-geometry uncertainty. Since
performing a finite-fault slip inversion requires a priori information such as the fault ge-

ometry and rigidity. However, many large intraplate earthquakes occur in fault zones of
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complicated and previously unknown geometry. These unknown fault parameters im-
pose additional uncertainties to the model space of an already ill-posed problem. In com-
parison, Adjoint-state inversion of tsunami initial water elevation does not rely on the
fault geometry, which potentially produces more accurate and realistic result especially
for earthquakes without well-defined fault structures. We solve for the initial water el-
evation and slip distribution of a hypothetical rupture using the fault and receiver set-
up of the 2014 M8.1 Chile-Iquique tsunami event (Fig. 2). The synthetic tsunami wave-
forms are recorded at Intergovernmental Oceanographic Commission (IOC) sea level sta-
tions along the Chilean coast, and a few DART stations in southeastern Pacific. Two
gauge stations and two DART stations are in red for further waveform comparison (Fig.
2). We place a thrust earthquake (strike: 350°, dip: 15°, rake: 90°) centered at the epi-
center of the Iquique earthquake, marked with a yellow parallelogram in Fig. 2, and the
detailed slip distribution is shown in the inner panel of Fig. 2. We simulate the tsunami
wave with the Cornell Multi-grid Coupled Tsunami solver (COMCOT, Liu, Woo, and
Cho (1998); Wang and Liu (2006, 2007)). The numeical package COMCOT can perform
the forward and the back-propagation simulation using the linear shallow water equa-
tion. The tsunami source can be given by either the initial water elevation or the fault
slip model. If the tsunami source is given by the fault slip model, the fault slip will be
first converted to the seafloor deformation using Okada’s equation for the half-space (Okada,
1985), and then the initial water elevation is set as the seafloor deformation. The tsunami
waveform is simulated by solving the linear shallow water equation with a staggered-grid

finite-difference numerical scheme.

Figure 2. Synthetic model of the comparison of the adjoint-state method and the traditional
finite-faule inversion method. Outer panel: study region, bathymetry and stations. Inner panel:
input finite-fault slip model. The triangles are the tsunami stations while the red ones D1, D2,

G1 and G2 are selected DART and gauge stations for plotting the data misfit.

To mimic the uncertainty of fault geometry, we conduct the finite-fault inversion
with slightly different fault parameters (strike: 360°, dip: 20°, rake: 90°). In this syn-
thetic test, the finite-fault inversion is a linear inversion based on Green’s functions map-
ping the unit slip at each finite-fault grids to the stations. We applied the finite-fault source

inversion scheme combined with the COMCQOT. The recovered slip pattern and corre-
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sponding initial water elevation are shown in Fig. 3a and 3c, respectively. Although the
fault geometry error is minor (10° in strike and 5° in dip), the reproduced slip pattern
is substantially distorted and leads to 20 km eastward shift in the location of the initial
seafloor deformation (Fig. 3c). In comparison, the adjoint-state method almost recov-
ers identical amplitude and area of the input initial water elevation (Fig. 4a). Compared
to the initial water elevation for our input model (Fig. 4c), the adjoint-state method ob-
tains an initial water elevation method nearly identical to the original input source. The
adjoint-state also produces a better waveform fitting than the finite fault model (Fig.

3b and 4b) with the total least-square misfit of the data and the synthetics reduced by

approximately 10%.

Figure 3. a) inverted finite-fault slip model with unclear fault geometry; b) predicted (red)
and synthetic (blue) waveform for the finite-fault inversion; 3) initial water elevation calculated

from the inverted finite-fault slip model

Figure 4. a) initial water elevation obtained by the adjoint-state method; b) predicted (red)
and synthetic (blue) waveform for the adjoint-state method; 3) initial water elevation calculated

from the input finite-fault slip model (as a reference)

Another synthetic test is designed to demonstrate the ability of resolving possible
secondary sources. The landslide often occurs far away from the fault zone and is small
in scale. Here we design a synthetic source with a major and a minor regions of binary
water elevation variations (Fig. 5, inner panel). For the adjoint-state inversion method,
we can mesh the source region with a 2.5 arc-minute (= 4.6 km) spacing high resolu-
tion grids, which contains 30 * 80 grid points. The adjoint-state inversion result is plot-
ted in Fig. 6, with the sample data fitting figures for two gauge stations and one DART
station marked in red shown in Fig. 5. The adjoint-state image is obtained after 20 it-

erations. As a comparison, the conventional Greens-function-based inversion that has

similar computation time can only take 6 * 16 grids with spacing of 10 arc-minute (= 18.4 km).

The sparse grid may not resolve the secondary sources (Fig. S5).

We observe that in the adjoint-state solution, both the major and the secondary

sources are properly recovered. The data fitting is nearly perfect shown in Fig. 6a, and
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Figure 5. Synthetic model of the demonstration of resolving secondary tsunami sources.
Outer panel: study region, bathymetry and stations. It is also the study region of the 2014
Chile-Iquique tsunami event. Inner panel: the input initial water elevation model. Triangles with
station names (except G1) are the tsunami stations used in the Chile-Iquique tsunami inversion.

All stations are used in the synthetic test.

Figure 6. a): predicted (red) and synthetic (blue) waveform for the adjoint-state inversion
in the selected 3 stations; b): initial water elevation obtained by adjoint-state inversion; c): the

convergence plot. The source grid spacing is 2.5 arc-minute (4.6 km).

the data misfit shows fast decrease in the first 5 iterations, and finally the misfit is re-
duced by 99%. Under the same computational cost restriction, the linear inversion with
Green’s functions may also fit the data well (Fig. S5), but the misfit of the coda wave
and some high frequency part observed in station G2 and D1 is large, which suggests that
the secondary sources only produce minor waveform variations. The overall misfit re-
duction between the adjoint-state method with 30*80 grids and the linear inversion with
6*16 grids is about 30%. The secondary source may also be resolved by the linear wave-
form inversion method with the same 30 * 80 grids mesh, which requires to calculate the
Greens function with shallow-water wave simulation 2,400 times, a huge computational
cost compared to the adjoint-state method. Theoretically, the adjoint-state method only
needs to compute the tsunami wave simulation twice the number of iterations. In our

test example, one simulation takes about 7 minutes, and the adjoint-state method takes
about 4.7 hours for 20 iterations. In the synthetic test of the Green’s-function-based method,
it takes 11.2 hours for only 6*16 grids, and will take 280 hours to reach the same res-
olution with 30*80 grids. With the high computation efficiency, we expect the adjoint-
state inversion method to be effective in obtaining high-resolution tsunami source im-
age, which is crucial for identifying possible seafloor activities associated with coseismic

landslides and other secondary sources.

Since the tsunami waves have long wavelength (about 100km), the half-wavelength
resolution limit is around 50 km. But the full waveform information may help to resolve
the initial water elevation pattern smaller than half wavelength. More synthetic tests are
conducted to demonstrate the potential sub-wavelength resolution of the proposed adjoint-

state method. The test with a 30*30 km secondary source (Figure S2a, the main source,
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bathymetry and stations are the same as the secondary source test of Figure 5). The main
pattern of the secondary source can still be clearly recognized, but it is dimmed and the
amplitude cannot be fully recovered. A 20*20 km secondary source (Figure S2b) can-

not be clearly imaged. For a very small sub-wavelength secondary tsunami source, the
invertion result restores the location and basic pattern, but the recovered amplitude is
significantly smaller, and the area of inverted source is getting larger than the input model.

We interpret this feature as the smearing effect due to limited spatial resolution.

The inaccuracy of bathymetry data induce artifacts and convergence issue to the
adjoint-state inversion. According to our numerical test, if the bathymetry model is ac-
curate, the inversion is quite stable with fast convergence rate. In such cases the start-
ing model has less impact on the inversion result (Figure S3 a-d). We imposed 10% bathymetry
perturbation that follows Von Karman distribution with 100 km correlation length. In
that case, the inversion becomes less stable and the convergence rate slows down. The
inversion results are containmated with artifacts due to the incorrect Green’s function

(Figure S3 e-h).

4 Application to the 2014 Chile-Iquique Tsunami Event

To understand the performance of the adjoint-state method on real tsunami events,
we inverted the initial water elevation of the 2014 Mw 8.1 Chile-Iquique tsunami event,
and compare our results with the conventional methods including time-reversal imag-
ing and finite fault inversions. We adopt the recordings of 4 DART stations and 17 IOC
gauge stations (triangles labeled with station names in purple and black, respectively,
in Fig. 5). The source region is marked with a yellow rectangle, with the red star mark-
ing the epicenter of the earthquake. The calculation domain for the tsunami simulation
is between 95°W - 70°W and latitude 35°S - 5°S using 3000 * 3600 grids with an inter-
val of 30 arc-seconds. The source region is represented with a rectangle between 71.5°W
- 70.3°W and 21°S - 18.5°S, meshed uniformly with 144 * 360 grid points of 30 arc-seconds
spacing. The tsunami data are pre-processed such as removing the long-period tidal waves
by a polynomial fitting technique, following (An et al., 2014). Then the first peak of the
tsunami waveform is manually picked for setting up the time window to fit in the adjoint-

state inversion.
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Figure 7. Tsunami source inversion result for the 2014 Chile-Iquique event. Central panel:
adjoint-state inversion result after 20 iterations; Left panel: predicted (red) and observed (blue)
tsunami waveform data for 4 DART stations; Right panel: predicted (red) and observed (blue)
tsunami waveform data for 4 IOC gauge stations. The black dashed line separate the first wiggle

we used for inversion, and the coda waves.

We use the time-reversal image as our starting model followed by 20 iterations of
adjoint-state inversions. We focus on fitting the first wiggle of the tsunami waveforms,
because the following coda waves are dominated by multiple reflections along the coast,
which introduces artifacts and destabilizes the model convergence since we lack the ac-
curate bathymetry in coastal regions. The predictions generally match the observations
well (Fig. 7), although there are minor time shifts in some of the IOC gauge stations.
An et al. (2014) observed similar timing issues and concluded that bathymetry errors

near the coast are responsible for the mismatch.

In real tsunami event inversion, the inversion is more sensitive to the starting model
due to the inaccuracy of bathymetry, the nonlinearity of the inversion problem, and the
sparsity and irregularly distributed gauge and/or DART stations. We tested different
starting models of zero initial water elevation, the USGS finite-fault model predicted ini-
tial water elevation (https://earthquake.usgs.gov/ earthquakes/eventpage/usc000nzvd/finite-
fault), and the amplitude-corrected time reversal imaging result (Figure S4a, ¢ and e;
corresponding inversion results: Figure S4b, d and f). All inversions have 20 iterations
and perform gradient-smoothing. Although the inversion results inhert features of the
starting models to some extent, the large-scale pattern of the inversion results are sim-
ilar. The inversion with the TRI starting model has the minimum data misfit and the
largest misfit reduction. Therefore we choose the amplitude-corrected time reversal im-

age as the starting model.

The final inversion of the initial tsunami source is shown in the central panel of Fig.
7. It features positive water elevation to the southeast of the epicenter, and a southwest-
ward extension. Some minor negative water elevation is seen around the coast, which
is most likely artifacts related to the coastal reflections. Overall, we considered the pre-
liminary result of the adjoint-state method provides a clear and high-resolution image.

We notice that although we intend to fit only the first wiggle, the following coda waves
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Figure 8. Comparisons of initial water elevation results obtained by different methods. a)-d):

finite-fault inversion by different groups; ) adjoint-state method; f) time-reversal method

are also reasonably matched. Compared with time-reversal imaging (Fig. 8f), our method
naturally obtains true amplitude without any additional calibrations. The remaining am-
plitude mismatch is again likely attributed to the errors of coastal bathymetry. The wave-
form fitting can be potentially further improved by an empirical calibration method us-
ing a large aftershock. In Fig. 8, we compare the tsunami source obtained by the adjoint-
state method with those predicted by finite-fault models (An et al., 2014; Gusman et al.,
2015; Hayes et al., 2014; Yagi et al., 2014) and by time reversal imaging (An & Meng,
2017). Our preferred result shows similar position of the peak water elevation to Hayes

et al. (2014). The southwestward extension resembles to that of Yagi et al. (2014). Over-
all, the adjoint-state method results in similar image to that of the time-reversal image,
with significantly less along-coast reflection artifacts (Fig. 8e and 8f). To conclude, the
Iquique example demonstrates that compared with traditional methods, the new adjoint-
state approach resolves more detailed source features with stable and fast convergence

rate. Our method is also more efficient, less ad-hoc and has less along-coast artifacts.

5 Discussion

5.1 Limitations and further improvements of the adjoint-state tsunami

inversion method

In the synthetic test settings, the adjoint-state method has fast convergence rate,
enhanced efficiency of resolving small-scale tsunami sources and recovering true source
amplitudes. The synthetic tests are not sensitive to the starting model, assuming the sat-
isfication of approximations of the linear shallow water equation and the accuracy of the
bathymetry data. Randomized noise seems not influence the convergence too much. In
the test case the convergence is not perturbed when 5% noise is added. Also, regardless
of the starting model, the inversion converges to the global minimum which is nearly iden-
tical to the ground truth. However, the inversion for real tsunami data becomes com-
plicated. First, to apply a straightforward adjoint-state method requires a linear wave
equation. The linear shallow water equation is good for small tsunami waves whose am-

plitude is far smaller than the bathymetry. This approximation is satisfied in the open
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oceans but may be invalid in the near-coast region where the bathymetry becomes shal-
low. In our numerical test (Figure S1), the difference between the results of linear and
nonlinear shallow water equations are small, even for the near-coast gauge stations es-
pecially for the first wiggle of the waveform. So it would be safe to apply the linear shal-

low water equation. This feature is also reported by An et al. (2014).

Second, the bathymetry and the coastline data do not have enough accuracy. Cur-
rently, we use the 30-arc-second bathymetry, which may not be accurate enough to per-
form the source inversion. The inaccurate bathymetry introduces error to the wave prop-
agation and the adjoint wavefield, which renders the adjoint wavefield no longer the gra-
dient of the misfit functional. In this case, the convergence is less stable, resulting in a
slow convergence rate and artifacts in the inversion results. The inversion also becomes
depending on the starting model. Inaccurate coastline produces additional non-existing
reflections contaminating the coda wave. Applying a higher resolution bathymetry data

especially in the shallow along-coast region is critical to simulate reflections and provide

a possibility to fit the coda waves. Kubota et al. (2018) reported that a 4 arc-second bathymetry

could model the coastal reflection, which may be good for the adjoint inversion but more
tests are needed. This issue may also be mitigated by only accounting the first wiggle

of the tsunami wave in the inversion, and to apply a proper pre-conditioning method (Chen,
Huang, Yao, Hilst, & Niu, 2014; Luo, Modrak, & Tromp, 2013), such as the gradient smooth-
ing (Figure S3 and S4 for more information). Another strategy to mitigate the inaccu-

racy of the propagation matrix is to account for the Green’s function uncertainty in the
misfit functional (Yagi & Fukahata, 2011). This particular approach can be potentially
incorporated into our inversion scheme if the gradient of the modified misfit functional

can be derived from the adjoint wave-field. Applying a different misfit functional may

be another solution. In earthquake seismology, various misfit functional has been explored,
including the waveform similarity, cross-correlation, and envelop measuring (Bozdag, Tram-
pert, & Tromp, 2011). In our adjoint-state tsunami inversion, we need to obtain the ac-
tual wave height and arrival time for the possible usage of the tsunami warning. Thus

we still adopt the standard least-square misfit functional which accounts for both the am-
plitude and phase information. In our future work, we will explore better misfit func-

tionals with measurements that more sensitive to the tsunami source variations.

The sparsely and irregularly distributed gauge and DART stations also pose chal-

lenges to the adjoint inversion. The gauge stations are along the coastline, while the DART
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stations are distributed very sparsely in the open ocean, so the inversion is inevitably
biased. Thus, we need a proper station weighting function to mitigate this problem. In
this work, an azimuth-based station weighting technique is applied to both the synthetic
tests and the real data. But in some cases, certain isolated stations contribute too much
to the image. A potential accurate station weighting technique is the adjoint sensitiv-

ity weighting method given by Hossen et al. (2018). The idea is to first compute the sta-
tion sensitivity kernels using the back-propagated data residue of each station, and then
weight each station based on the station sensitivity kernels. If the imaging result is highly
sensitive to a certain station, then this station should be downweighted. This weight-

ing procedure can be combined with the adjoint inversion. The signal to noise ratio of
stations may also need to be considered. Downweighting the noisy stations may reduce
the artifacts due to noise. In addition, appropriate good pre-conditioning technique, such
as the gradient smoothing, can also accelerate the convergence rate (Hou & Symes, 2017),
which enhances the real-time applicability of the adjoint-state method for tsunami warn-

ing and hazard mitigation.

Despite these problems, the adjoint-state tsunami inversion method provides more
efficient high-resolution tsunami source image without being affected by the unknown
fault geometry. In future development, in addition to obtaining more accurate bathymetry
models, the dependence of starting models could be reduced by a more suitable station
weighting method, a better misfit functional or applying the multi-scale technique which
first fits the low-frequency components of the tsunami waves, and then progresses to fit
the higher frequencies. In the current stage, we compare the data misfit of multiple start-
ing models to determine the optimal initial model. In the case of the Iquique earthquake,
the time-reversal imaging model leads to the smallest data misfit and is our preferred

initial model (Fig. S4).

5.2 Efficient tsunami warning with faster and more accurate wave height

prediction

The key to tsunami warning is speed and accuracy. Currently, the common prac-
tice for tsunami warning is to constrain the earthquake moment and centroid location
using teleseismic W phases (Kanamori & Rivera, 2008) and estimate the tsunami arrival
time and wave height using previously calculated tsunami scenarios. Real-time finite-

fault modeling based on landward GPS and strong-motion stations generate more de-
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tailed earthquake source information (Bock, Melgar, & Crowell, 2011), but still lack the
constraint of the shallow near-trench slip that contributes most to the tsunami gener-
ation. Moreover, shallow secondary tsunami sources of coseismic landslide or triggering
on splay faults enlarge the tsunami height but are often missed by the finite-fault inver-
sions. To consider all tsunamigenic sources and predict accurate wave heights, initial wa-
ter elevation inversion is important. In light of the recent development of global DART
and coastal tide gauge network, particularly in the Pacific and Indian Ocean, its promis-
ing to explore real-time initial water elevation inversion for tsunami early warning pur-
pose in major subduction zones (e.g. Alaska, Japan, Chile and Sumatra) Hossen, Cum-
mins, Roberts, and Allgeyer (2015). Among available tsunami source imaging techniques,
the time-reversal imaging method does not recover true amplitudes. The Greens-function-
based inversion methods suffer from heavy computational burden and is limited to pre-
calculated tsunami scenarios. For example, if we mesh the entire south American sub-
duction zones with a 1 arc-minute spacing, the total number of grids will be about 800,000,
which requires several months or even years to calculate the Greens functions with hun-
dreds of CPU cores, and takes more than 100 TB storage space. On the other hand, the
adjoint-state tsunami inversion is suitable for real-time application because it recovers
accurate initial water elevation in only a few iterations. The tsunami source image can

be then quickly and directly used in forward tsunami simulations, producing accurate
forecast of tsunami height and arrival time. We expect that the adjoint-state will be par-
ticularly useful to improve the far-field or transoceanic tsunami predictions since the near-

field DART and coastal tide gauge can be used as the input.

6 Conclusion

Currently, we have developed the initial theoretical and numerical framework for
the adjoint-state method for tsunami initial water elevation inversion. We validate the
ability of our approach to resolve the primary and secondary tsunami sources through
synthetic tests. The preliminary work above describes the basis of the adjoint-state full
waveform tsunami source inversion, validates the effectiveness and feasibility of the method,
and reveals some aspects for further developing this method. With this adjoint-state tsunami
source inversion method, we are able to better resolve small-scale tsunami sources with
high resolution and less computational time, especially for some fault zones without de-

tailed structures. This method may also contribute to the tsunami warning systems.
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